SET THEORY HOMEWORK 3

Due Wednesday, October 16.

Problem 1. Let k be a regular uncountable cardinal.
(1) Suppose that 7 < k and (C; | i < T) is a family of club subsets of k.
Show that (. C; is also a club subset of k.
(2) Let G : kK — Kk be any function. Show that the set C = {y < K |
(Va < v)(G(a) <)} is a club subset of k.

Problem 2. Suppose that F C P(k) is a k-complete normal ultrafilter on
k. Le. F satisfies the following:
o forall AC Kk, A€ Fork\A€EF,
o if T <k and {A¢ | £ < T} are sets in F, then (e, A¢ € F.
e for all regressive functions f : kK — K (regressive means that f(a) < «
for all o), there is v < k such that f~1(y) == {a < k| f(a) =~} is
n F.
Show that F is closed under diagonal intersections of length k.

Recall that an inaccessible cardinal x is a Mahlo cardinal if the set of
regular cardinals below « is stationary.

Problem 3. Let k be an inaccessible cardinal.
(1) Show that if k is Mahlo, then k is the k-th inaccessible cardinal.
(2) Let K be the least inaccessible cardinal such that k is the k-th inac-
cessible cardinal. Then k is not Mahlo. [Hint: use f(\) = o where
A is the a-th inaccessible.]

Problem 4. Assume that V = L. Prove that V,, = L, iff « = R,. Here
you can use the theorem that in V = L, GCH holds.

Problem 5. Suppose that M < L, . Show that M is transitive. (Hint: for
X € M, take the <p-least onto f:w — X. Show that f is definable in Ly,
from X and use this to show that f € M. Also show w C M. Use these to
prove that range of f is a subset of M)



